An edge labeling of a connected graph G = (V, E) is said to be local antimagic if it is a bijection f : E → {1, . . . , |E|} such that for any pair of adjacent vertices x and y, f + (x) = f + (y), where the induced vertex label f + (x) = f (e), with e ranging over all the edges incident to x. The local antimagic chromatic number of G, denoted by χ la (G), is the minimum number of distinct induced vertex labels over all local antimagic labelings of G. Let χ(G) be the chromatic number of G. In this paper, sharp upper and lower bounds of χ la (G) for G with pendant vertices, and sufficient conditions for the bounds to equal, are obtained. Consequently, for k ≥ 1, there are infinitely many graphs with k ≥ χ(G) − 1 pendant vertices and χ la (G) = k + 1. We conjecture that every tree T k , other than certain caterpillars, spiders and lobsters, with k ≥ 1 pendant vertices has χ la (T k ) = k + 1.
Introduction
A connected graph G = (V, E) is said to be local antimagic if it admits a local antimagic edge labeling, i.e., a bijection f : E → {1, . . . , |E|} such that the induced vertex labeling f + : V → Z given by f + (u) = f (e) (with e ranging over all the edges incident to u) has the property that any two adjacent vertices have distinct induced vertex labels [1] . Thus, f + is a coloring of G. Clearly, the order of G must be at least 3. The vertex label f + (u) is called the induced color of u under f (the color of u, for short, if no ambiguous occurs). The number of distinct induced colors under f is denoted by c(f ), and is called the color number of f . The local antimagic chromatic number of G, denoted by χ la (G), is min{c(f ) : f is a local antimagic labeling of G}. Clearly, 2 ≤ χ la (G) ≤ |V (G)|. Haslegrave [4] proved that every graph is local antimagic. This paper relates the number of pendant vertices of G to χ la (G). Sharp upper and lower bounds, and sufficient conditions for the bounds to equal, are obtained. Consequently, there exist infinitely many graphs with k ≥ χ(G) − 1 ≥ 1 pendant vertices and χ la (G) = k + 1. We conjecture that every tree T k , other than certain caterpillars, with k ≥ 1 pendant vertices has χ la (T k ) = k + 1. The following two results in [7] are needed. Lemma 1.1. Let G be a graph of size q containing k pendants. Let f be a local antimagic labeling of G such that f (e) = q. If e is not a pendant edge, then c(f ) ≥ k + 2. Theorem 1.2. Let G be a graph having k pendants. If G is not K 2 , then χ la (G) ≥ k + 1 and the bound is sharp.
The sharp bound for k ≥ 2 is given by the star S k with maximum degree k. The left labeling below is another example for k = 2. The right labeling shows that the lower bound is sharp for k = 1. For 1 ≤ i ≤ t, a i , n i ≥ 1 and d = t i=1 n i ≥ 3, a spider of d legs, denoted Sp(a
t ), is a tree formed by identifying an end-vertex of n i path(s) of length a i . The vertex u of degree d is the core of the spider. Note that Sp (1 [n] ) is the star graph of n pendant vertices with χ la (Sp(1 [n] )) = n + 1. We first give a family of spiders with k pendant vertices to have χ la > k + 1.
Proof. Let the neighbors of u be v 1 , . . . , v n . Let w i be the pendant adjacent to v i , 1 ≤ i ≤ n. By Theorem 1.2, it is easy to conclude that χ la (Sp(2 [3] )) = 4. Consider n ≥ 4. Let f be a local antimagic labeling of Sp(2 [n] ) with minimum c(f ). By Lemma 1.1 and symmetry, suffice to consider f (v 1 w 1 ) = 2n = f + (w 1 ).
Define a bijection f :
Consequently, χ la (Sp(2 [n] )) = n + 2 for n ≥ 4. The theorem holds.
Adding pendant edges
Suppose G has e ≥ 2 edges with χ la (G) = t ≥ 2 such that the corresponding local antimagic labeling f induces a t-independent set {V 1 , V 2 , . . . , V t } with |V i | = n i ≥ 1. Moreover, each non-pendant vertex must be in one of V i for 1 ≤ i ≤ r ≤ t, and V i is a singleton consisting of a pendant vertex for r
Without loss of generality, we assume that c 1 < c 2 < · · · < c r and that c r+1 < c r+2 < · · · < c t . Note that c r+1 to c t do not exist for r = t. By Theorem 1.2, G contains at most t − 1 pendant vertices. (1) Suppose e < c 1 . For 1 ≤ i ≤ r, χ la (G(V i , s)) = sn i + t − r + 1.
In particular, if c r−1 ≤ e < c r , then in G(V r , s), the condition on e + sn i is simplified to s ≥ 1 for n r = 1, and s ≥ 2 is even for n r ≥ 2.
(1) Since e < c 1 , in G(V i , s), we have c r+1 < · · · < c t < e + 1 ≤ c 1 < · · · < c r ≤ e + sn i when 1 ≤ i < r, and c r+1 < · · · < c t < e+1 ≤ c 1 < · · · < c r−1 ≤ e+sn i when i = r. So ({c j | 1 ≤ j ≤ r}\{c i }) ⊂ [e+1, e+sn i ] but all the c r+1 , . . . , c t are not in [e + 1, e + sn i ]. Since c i + es + s 2 (n i s + 1) > e + sn i , g i is a local antimagic labeling with induced vertex color set {c r+1 , c r+2 , . . . , c t }∪[e+1, e+sn i ]∪{c i +es+ s 2 (n i s+1)}. Therefore, χ la (G(V i , s)) ≤ sn i + t − r + 1. Since G(V i , s) contains at least sn i + t − r pendant vertices, by Theorem 1.2, χ la (G(V i , s)) ≥ sn i + t − r + 1. Thus, χ la (G(V i , s)) = sn i + t − r + 1.
(2) For c 1 ≤ e < c 2 , in G(V i , s), similar to the above case, ({c j | 1 ≤ j ≤ r} \ {c 1 , c i }) ⊂ [e + 1, e + sn i ] but all the c 1 , c r+1 , . . . , c t are not in [e + 1, e + sn i ]. Suppose i = 1, then g 1 is a local antimagic labeling with induced vertex color set {c r+1 , c r+2 , . . . , c t } ∪ [e + 1, e + sn 1 ] ∪ {c 1 + es + s 2 (n 1 s + 1)}. Thus, χ la (G(V 1 , s)) ≤ sn 1 + t − r + 1. By the same argument of (1), we get χ la (G(V 1 , s)) = sn 1 + t − r + 1. Suppose 2 ≤ i ≤ r. In this case, 0 ≤ b ≤ 1. Similar to the above case, g i is a local antimagic labeling with induced vertex color set {c r+1 , c r+2 , . . . , c t , c 1 } ∪ [e + 1, e + sn i ] ∪ {c i + es + s 2 (sn i + 1)}. Thus, 
Note that for 1 ≤ i ≤ j − 1, if V i has a pendant vertex, then G(V i , s) has sn i + t − r + b − 1 pendant vertices, otherwise G(V i , s) has sn i + t − r + b pendant vertices. For j ≤ i ≤ t, G(V i , s) also has sn i + t − r + b pendant vertices. Combining with Theorem 1.2, we have the conclusion. Moreover, if c j−1 = e and b = j − 1, only case (a) exists for 1 ≤ i ≤ j − 1 so that χ la (G(V i , s)) = sn i + t − r + j − 1, and χ la (G(V i , s)) = sn i + t − r + j for j ≤ i ≤ r.
In particular, if c r−1 ≤ e < c r , we know the condition e + sn r ≥ c r−1 always hold and can be omitted. (1) In [5, Theorem 5] , the authors proved that every G = W 4k , k ≥ 1 with e = 8k edges admits a local antimagic labeling with χ la (W 4k ) = 3 such that for k ≥ 2, e < c 1 = 9k + 2 < c 2 = 11k + 1 < c 3 = 2k(12k + 1), while W 4 has c 1 = 11, c 2 = 15, c 3 = 20. Moreover, n 1 = n 2 = 2k, n 3 = 1. Thus, r = t = 3. Suppose k ≥ 2, we can add s ≥ 12k − 3 (s even) pendant edges to each vertex in V i , i = 1 or 2, and label them accordingly. We can also add s ≥ 3k + 1 pendant edges to the vertex in V 3 and label them accordingly. By Theorem 2.1, we get W 4k (V i , s) that has χ la = sn i + 1 for the respective s and n i . We can also add edges to W 4 similarly.
(2) The right graph under Theorem 1.2, say G, has e = 7 with t = r = 2; c 1 = 7, c 2 = 14 and n 1 = 4, n 2 = 2. Thus, χ la (G(V 1 , s)) = 4s+1. In particular, since c 1 = e and b = 1, we also can get χ la (G(V 2 , s)) = 2s+2. By a similar argument for Theorem 2.1, we can get the following theorem. (1) If e < c 1 , then χ la (G(V i , s)) = s + t − r.
(
Example 2.2.
(1) It is easy to verify that the graph G below has χ la (G) = 9 with e = 9 < c 1 = 10, c 2 = 20, c 3 = 25 and r = 3 < t = 9. We may apply Theorem 2.2 (1) accordingly. Suppose G is a graph containing k ≥ 1 pendant vertices with χ la (G) = k + 1. Keeping the notation defined before Theorem 2.1, we have t = k + 1. Then there is only one independent set, which is V r , containing no pendant vertex. Clearly, r ≥ 1. So we have c 1 < · · · < c r−1 ≤ e < c r and c r+1 < · · · < c k+1 ≤ e for r ≥ 2, whereas for r = 1, G ∼ = K 1,k , k ≥ 2 with c 1 = k(k + 1)/2 and c i = i − 1 for 2 ≤ i ≤ k + 1. Proof. Suppose r = 1. Recall that e = k and c 1 = k(k + 1)/2. Since G(V 1 , s) ∼ = K 1,k+s , we only consider G(V i , s), 2 ≤ i ≤ k + 1. By labeling the s added edges of G(V i , s) by k + 1 to k + s bijectively, c i is now replaced by i−1+ks+s(s+1)/2 > k+s ≥ c 1 > c k+1 > · · · > c 2 . Thus, G(V i , s) now admits a local antimagic labeling with vertex color set [ Consider r ≥ 2. Suppose i = r, then G(V r , s) has sn r +k pendant vertices so that χ la (G(V r , s)) ≥ sn r +k +1. By a labeling g i as in the proof of Theorem 2.1, we know g i is a local antimagic labeling with induced vertex color set {c 1 , c 2 , . . . , c r−1 , c r+1 , . . . , c k+1 }∪[e+1, e+sn r ]∪{g + r (v) | v ∈ V r } of size sn r +k+1. By Theorem 1.2, we have χ la (G(V r , s)) = sn r + k + 1.
By a labeling g r as in the proof of Theorem 2.1, we know g r is a local antimagic labeling with induced vertex color set ({c 1 , c 
Example 2.3. Consider W 4 under Example 2.1. We have W 4 (V 3 , 12) with k = 12, χ la (W 4 (V 3 , 12)) = 13 and c 1 = 11, c 2 = 15 < e = 20 < c 3 = 194. Moreover, P n , n ≥ 3 and K 1,k , is a tree with k ≥ 2 pendant vertices and χ la = k + 1. We may apply Corollary 2.3 accordingly.
Thus, we get the following.
Theorem 2.4. For k ≥ 1, there exist infinitely many graphs G with k ≥ χ(G) − 1 ≥ 1 pendant vertices and χ la (G) = k + 1.
Let G − e be the graph G with an edge e deleted. In [6, Lemmas 2.2-2.4], the authors obtained sufficient conditions for χ la (G) = χ la (G − e). We note that these lemmas may be applied to G(V i , s) if all vertices in each V j , 1 ≤ j ≤ t, are of same degree like W 4k (V i , s) in Example 2.1.
Existing results and open problems
In [2] , [5, Theorem 7 and Theoreom 9] and [7, Theorems 2.4-2.6, 2.9, 3.1, Lemma 2.10 and Section 3], the authors also determined the exact value of χ la (G) for many families of G with pendant vertices. Particularly, they showed that there are infinitely many caterpillars of k-pendant vertices with χ la = k + 1 or χ la ≥ k + 2. Note that [7, Theorem 2.6] corrected Theorem 2.2 in [8] . A lobster is a tree such that the removal of its pendant vertices resulted in a caterpillar. Note that the graph Sp(2 [n] ) is also a lobster. We end this paper with the followings. Conjecture 3.1. Every tree T k , other than certain caterpillars, spiders and lobsters, with k ≥ 2 pendant vertices has χ la (T k ) = k + 1. 
